DEFINITION
A number of the form x + iy, where x and y are real numbers and i = v/-1 is called a complex number. It is
usually denoted by z, i.e., z = x + iy
The real and imaginary parts of a complex number z denoted by Re(z) and Im(z) respectively. If z = x + iy, then
Re(z) = x and Im(z) = y.
e A complex number z is said to be
(i) Purely real, if Im(z) =0
(ii) Purely imaginary, if Re(z) =0
Note : Order relations, “greater than” and “less than” are not defined for complex numbers.
EQUALITY OF COMPLEX NUMBERS
Two complex numbers z, = x; + iy, and z, = x, + iy, are said to be equal if and only if x, = x, and y, = y,
ie,z =z, < Re(z;)=Re(z,) and Im(z)) = Im(z,)
ALGEBRA OF COMPLEX NUMBERS

1. Addition of two Complex Numbers
Let z; = x + iy and z, = u + iv be two complex numbers. Then the sum z, + z, = (x + u) + i(y + v)

Properties
Closure law z, + z, is a complex number for all complex numbers z, and z,.
Commutative law z, + 2, = z, + z;, where z; and z, are complex numbers.
Associative law (z) + z)) + z; = z; + (2, + z3), where z,, z, and z; are complex numbers.

Existence of additive identity | There exists a complex number 0 + i0 (denoted as 0) is called additive identity.

Existence of additive inverse | For every complex number z = x + iy, we have —x + i(-y) (denoted as -z) is
called additive inverse or negative of z.

2. Difference of two Complex Numbers
For two complex numbers z, and z,, z; - z, = z; + (-z,)

3. Multiplication of two Complex Numbers

Let z, = x + iy and z, = u + iv be any two complex numbers. Then the product z,z, is defined as
z,2, = (xu — yv) + i(xv + yu)



Properties

Closure law

The product of two complex numbers i.e., z, z, is a complex number, where z,
and z, are complex numbers.

Commutative law

For any two complex numbers z, and z,, we have z,z, = z,z,

Associative law

For any three complex numbers z,, z,, z;, we have (z,z,)z; = z,(z,2;)

Existence of
multiplicative identity

There exists the complex number 1 + i0 (denoted as 1), called the multiplicative
identity such that z-1 = 2, for every complex number z.

Existence of

For every non-zero complex number z = x + iy or x + yi(x # 0, y # 0), we have

multiplicative inverse

the complex number

x+y2 X"ty

1
multiplicative inverse of z such that z-—=1 (the multiplicative identity)

+i— . 5 (denoted by Toor z'1), called the
z

z

Distributive law

For any three complex numbers z,, z,, z;, we have
(@) z; (2, + 25) = 2,2, + 2,24

&) (& + &) & = 20, > 5,7

4. Division of two Complex Numbers
For two complex numbers z, and z,, where z, # 0, the

. zy . z 1
quotient ~L js defined by L =z —.
) ) )

IDENTITIES OF COMPLEX NUMBERS

If z, and z, are two complex numbers, then

o (g+z) =zt +222,+725

° (z71—2 ) = 212 —2z;z5 + zg

° (7 +zz)3 =zf +321222 +3zlz§ +Z§’

o (7 —:/:2)3 =zl3 —3zlzz2 +3zlz§ —zg

° (zlz—zg)=(z1+z2)(zl—z2)

MODULUS AND CONJUGATE OF A COMPLEX

NUMBER
Modulus of a complex number z = x + iy is denoted

by |z| and it is defined as |z| = \x* + y°
Conjugate of a complex number z = x + iy is denoted
by z and it is defined as Z = x - iy.

PROPERTIES OF MODULUS AND CONJUGATE OF

A COMPLEX NUMBER

° z1zy] = Izl Iz,

=l
2

Z

provided |z,|#0
22

° (21 '22) = (21) (22)

. (ﬁ) =§—1, Z, #0)

%) 2

MULTIPLICATIVE INVERSE

Let z = x + iy be a non-zero complex number. Then,
1 1 x—iy z 1z

zoxHiy a2 | 2P
ARGAND PLANE AND GEOMETRICAL

REPRESENTATION OF COMPLEX NUMBERS
Let O be the origin and OX

y z=x+iy
and OY be the x-axis and o
y-axis, respectively. Then, any P(x, )
complex number z = x + i , y
p Y x o X

= (x, y) may be represented
by a unique point P whose
coordinates are (x, y). v

The plane on which complex numbers are represented
is known as the Complex plane or Argand’s plane.

POLAR FORM OF A COMPLEX NUMBER

Let O be the origin and OX and OY be the x-axis and
y-axis respectively. Let z = x + iy be a complex number
represented by the point P(x, y).

Draw PM L OX as shown in given figure. Then,

OM = x and PM = y. Join OP. Let OP = r and
ZXOP = 0. Then x = rcos0 and y = rsin®.

: z=x + iy = r(cosO + isin6)

—Y r = '\’x2+y2 =|Z|

Also  tanf = 2
x



This form z = r(cosO + isinO)

= re'® is called polar form of ¥ Z_z: 7
the complex number z. Angle P(x, )
0 is known as amplitude or <y
agrument of z, written as X ofx m>X
arg(z).

The unique value of 6 such Y

that -n < 0 < © for which

x =rcos 0 and y = r sin 6, is known as the principal
value of the argument.

The general value of the argument is (2n7m + 0), where
n is an integer and 0O is the principal value of arg(z).

PROPERTIES OF ARGUMENT OF COMPLEX NUMBERS
(i) arg(z, z,) = arg (z;) + arg (z,) + 2k
(k=0orlor-1)

(ii) arg(z—lj =arg(z;) —arg(z,) + 2kn
2 (k=0or1lor-1)

(iii) arg(z") = n arg (z) + 2kmn (k=0orlor-1)

(iv) arg(z)=—arg(z)
QUADRATIC EQUATIONS
An equation of the form ax? + bx + ¢ = 0, where a, b,

c are real numbers and a # 0 is known as quadratic
equation. Then the solutions of the given equation is

~b++b% - 4ac _ —b+4dac-b%i

2a 2a
D =b - 4ac
|b2—4ac:0| |b2—4ac>0| |b2—4ac<0|
|
Roots are Complex conjugate
equal | | roots in pair
b* - dacisa b* - dacisnota

perfect square perfect square
[ [

Rational and Irrational and

unequal roots unequal roots

LINEAR INEQUALITIES

DEFINITION
A statement involving variable(s) and the sign of inequality i.e., >, <, = or < is called an inequation or an
inequality.
Inequalities Definition Examples
1. | Numerical Inequalities which do not involve variables are called | 3<7,6>5

numerical inequalities.

2. | Literal Inequalities which involve variables are called literal x>4,y>6,x-y<0
inequalities.
3. | Linear An equation of the form ax + b < 0,orax+ b 2>0,0r  x+3<0,3x+2y>7

ax + by > 0 etc. are known as linear inequations.

4. | Quadratic

An equation of the form ax?> + bx + ¢ < 0, or ax?> + bx + ¢
<0,orax?+bx+c>0,o0rax?+ bx+c>0isknown as a
quadratic inequation.

X+7x+4>0

5. | Strict Inequalities involving the symbols °>” or ‘<’ are called strict | x +y > 5,y <0
inequalities.
6. | Slack Inequalities involving the symbols >’ or ‘<’ are called slack | 4x + 3y =22, x < -4

inequalities.

RULES FOR SOLVING INEQUALITIES

e Same number or expression may be added to or
subtracted from both sides of an inequality without
affecting the sign of inequality.

e Both sides of an inequality can be multiplied or

inequality changes.

divided by the same positive number without
affecting the inequality sign.

When both sides of an inequation is multiplied
or divided by a negative number, then sign of



GRAPHICAL SOLUTION OF LINEARINEQUALITIES
IN TWO VARIABLES

Y bz
Left half|Right half Upper half K
plane @e}\o‘@\
I n, . II_A0T®

plane | plane
X" O| X 0 X

’ ’

Y Y

The region containing all the solutions of an inequality
is called the solution region.
(i) In order to identify the half plane represented by
an inequality, it is just sufficient to take any point
(a, b) not on line and check whether it satisfies the
inequality or not.
If it satisfies, then the inequality represents the half
plane and shade the region which contains the point,
otherwise the inequality represents the half plane
which does not contain the point within it. For the
convenience, the point (0, 0) is preferred.
If an inequality is of type ax + by > c or
ax + by < ¢, then the point on the line
ax + by = c are also included in the solution region.
So draw a dark line in the solution region.
(iii) If an inequality is of the type ax + by > c or
ax + by < ¢, then the points on the line
ax + by = ¢ are not to be included in the solution
region. So draw a broken or dotted line in the
solution region.

Very Short Answer Type

1. Find a and b such that 2a + i 4b and 2i represent
the same complex number.

—~
—-
=

=

2. Express (3 + 4i)7! in the form a + ib.
3. Solve the equation 9x? + 16 = 0 by factorization
method.
4. Evaluate i9%.
5. Solve the linear inequation 4x + 3 < 6x + 7.
Short Answer Type
6. Write 1t 712 in the polar form.
(2-1i) .
j +b
7. If a+?b = x + iy, then prove that x* + y? = a2 >
c+i c“+d
8. Solve the equation x> - (3 \/E + 2i)x + 6\/5 i=0
using factorisation method.
3x—4 x+1
9. Solve: = —— - 1. Also, draw the graph of

the solution set.

( 1 _—i_)(3_4,1) to the standard
1-4i 1+ 5+i

10. Reduce
form.

Long Answer Type

11. (i) Find the complex conjugate of (2 - 3i)2.

c+i

(ii) If a + ib = —— , where c is real, prove that
c—i
b 2

a>+b*=1and — = 2c )
a c -1

12. Evaluate (- 2 + 2/=3)12 + (=2 - 2/-3 )12
13. (i) Ifz, =3 +4iand z, = 12 - 5i, verify
|z, + z,| < |z + |2,
24i
4i+(1+i)
14. Solve the following system of inequations graphically
3x+2y224,3x + y<15x24

(ii) Find the conjugate and argument of

15. (i) Find the real numbers x and y if (x - iy)(3 + 5i)
is the conjugate of — 6 — 24i.
(ii) Find the modulus and principal argument of the

. T
complex number 1 + coso. + isina, (0 << E)

1. Given,2a +i4b=0 + i2
Equating real and imaginary parts, we get
2a=0and 4b =2

= a=0and b= l
2
R C R i SR S RV ..
3+4i 3+4i 3—4i
34 3—-4i 3 4 .
= = = — — 1
9-16i* 9+16 25 25

3. Wehave, 9x2 +16 =0 = 9x2-16i2=0
= (Bx)?-(4i)2=0 = (Bx+4i)(Bx-4i)=0

4 4.
= X==-—=1,0rx=—1
3
4 o9 1 1 1 _ i
P @) . - 2

5. 'The given inequality is 4x + 3 < 6x + 7.
= 4x-6x<7-3
= 2x<4= x>-2
= x € (=2, ).
1+7i

Letz= ——
2-i)



1+7i 147
4+i°—4i 34
_ (+7)(+4i)  -25+25

Now, z =

= = -1+
(3-4)(3+4i) 3% +47
r=lzl = JDP+12 = 2
Againz=-1+1i
x=-1Ly=1
Also tan6 = ‘Z‘ = ‘i‘ =1
x -1
g=T
4
x=-1<0and y =1 >0 hence z lies in the

27 quadrant.
Henceargz=m-06=m n—3—n
827 Ty Ty

Polar form of z is \/E(cos%t +isin%) .

We have,

a+ib _ a+ib y c—id
c+id c+id c—id
_ (ac+bd)+i(bc—ad)

- c+d?

ac+bd bc—adi
c+d> C+d’
ac+bd  bc—ad
m’y_ c+d?

[Comparing real and imaginary parts]

X242 = (ac”’d)z N (bc—ad]z
4 c+d? E+d?

a’c® +b*d* + 2acbd + b*c* + a*d* — 2bcad
(c* +d*)?

xX+iy=

_ (@’c? +b*cA) + (b*d* +a*d?)
(2 +d*)?
(@ +bH)(* +d%
(2 +d*)?

2 2
e L [ @+d#0]

. € nave, xX° — 2 4+ 21)x + 1=
8. Wehave, x2 — (32 +2i)x+6+2i=0

= (x2—3\/5x)—2ix+6\/5i=0
= x(x-3v2)-2i(x-32)=0

= (x-2i)(x-3J2)=0

= x=2iorx=32.
Hence, the roots of the given equation are 2i and

342
- +1
We have, 3x > X2 -1
2 4
or, 3x-4 > x__3
2 4

or, 2(3x - 4) =2 (x - 3)

or, 6x -82x-3

or, 5x25orx=1

The graphical representation of solution is given
in figure.

10.( 1 _ij(3‘4i]
1-4i 1+i)\5+i

_ [1+i-2(1-4)] y (3_41')

(1—4)(1+i) 5+
_ (1‘—2)+z(1+8) y 3—41 (- = -1)
1+i(1—4)—4(-1) =~ 5+i
_Cl49% 3-di
T 5-3i 5+i
_ —3+4i+27i-36i
25+ 5i —15i — 3i*
_ “3+31i436 _ 33+31i  28+10i
© 0 25-10i+3  28—10i  28+10i
_924+330i +868i +310i°
784 —100i*
_ 924+(330+868)i —310 (v 2=_1)
784+100
_ 614+1198i _ 307+599%
B 884 S 442

11. () (2 -30)2=(2-3i)(2-3i) =4 - 6i - 6i + 9i*

=4-12i +9(-1) = -5 - 12i
Complex conjugate of (2 - 3i)?
=(-5-12{) =-5+ 12i
(ii) We have,

L c+i c4i _ c+i (c+i)
a+ib=— =" x — =
c—i ¢c—i cHi  2_;2
_ F2ic+it | P L2
ct+1 c*+1 A+l



Equating real and imaginary parts, we get [2 +i)(_6ij 6-12i 1 1.
= _— —_— = = ———1
*-1 2 6i )\ —6i 36 6 3
a=— and b = —
c“+1 c“+1 _ 1
5 zZ = g‘l‘— 1
) -1 4c’
at+ b= |5 +
¢ +1 (c"+1) Now z=1_1;
6 3
A H1-2"+4c* (P41 )
= 3 5 = 3 5 = 1 1
c+1 +1 SooX= S, y=-——
(c"+1) (c"+1) V=73
b 2/c*+1 2c
Also, — = 2(c/c 2) == _ |73
a  (-D/c*+1) -1 tan = rEnra =|-2[=2
12. Let a + ib be a square root of (-2 + 243 ). © O0=tan2,0<0<
N ) 2
(a+ bi)*=-2+2+/3i
= a2+ 2abi + i?b? = -2 + 2.3 vox= é >0and y= —% < 0. Hence z lies in the
212 P .
= (a2 l; ) + 2abi = -2 + 2\/51 | 4th quadrant.
@’ - b =-2 () arg z = 2m - O = 2@ - tan™!2.
and  2ab=2 \/5 ---(1) 14. Given inequations are
Now, (a?+b)? = (a? - b)? + 4a?b? 3%+ 2y > 24 ()
= (=22 +(232=4+12=16 3x + y< 15 ..(ii)
a2+ b =416 =4 ....(iid) and  x>4 ...(iii)
Solving (i) and (iii), we get Corresponding equations are
2g2=20ra2=1, a==+1 lls3x+2y=24 (IV)
2Wr=6orb =3 . b==+3 L:3x+y=15 (V)
L:x=4 ... (vi
From (ii), ab = /3 which is positive, 30X )
. \/_ Line (iv) cuts x-axis at A(8, 0) and y-axis at
eithera=1,b=+3 or a:—l,b:—\/g. B(0, 12).
Hence the two square roots are 1 + J3iand Line (v) cuts x-axis at C(5, 0) and y-axis at
-1 - +f3i. D(0, 15).
So (=2 +2=3)12=+(1 + 3 (iv) Line (vi) is parallel to y-axis cutting x-axis at
(-2-243)2 = £(1 - V31) v EeO
) i Point O(0, 0) lies on none of the lines (iv), (v) and
Adding (iv) and (v), we get (i)
vi).
_ [T2VU2 4 (L9 _ 9[22 = 4
(-2+2J=3)"+(-2-24-3) +2 For O(0, 0), inequation 3x + 2y = 24 becomes
13. (i) Wehave, z = 3 + 4iand z, = 12 - 5i. 3.0 + 2:0 > 24, or 0 > 24, which is not true.
Zy+2z,=3+4i) + (12 -5)) =15~ Therefore, inequation (i) represents that half-plane
Iz, + 2| = /(1 57 +(-1) = V22541 = 226 made by the line (iv) which does not contain the
origin.
Also, |z)| + |z,| = J9+16 + 144425 For O(0, 0), inequation 3x + y < 15 becomes
=5+13=18 3:0 + 0 < 15 or 0 < 15, which is true.
Hence |z, + z,| < |z,| + |2,] Therefore, inequation (ii) represents that half-plane
. ) . made by the line (v) which contains the origin.
.. 2+i 2+i 2+i .
(ii) Let z = = = Inequation x > 4 represents the half-plane on the

4i+(1+i)? 4i+1+i%+2i 6i



right side of the line x = 4 (which is parallel to

y-axis).
Y
A
\D(%IIS) A
B(0, 12) <
1]
=
/Az
E|\C A
L —>X
ol @0l >0 s0)
3
v
l
3 ll
12

A, is the region common to the half-planes
representing inequations (i) and (ii).

A, is the region common to the half-planes
representing inequations (i) and (iii).

A, is the region common to the half-planes
representing inequations (ii) and (iii).

Clearly no point or region is common in regions
A, Ay A,

Hence solution set of given system of inequations

= 0.

15.

Thus no solution of the given system of inequations
exists.
(i) Conjugate of - 6 — 24i is — 6 + 24i (1)
Also, (x - iy)(3 + 5i) = 3x - 5yi® - 3yi + 5xi
= (3x + 5y) + (5x - 3y)i ...(ii)

From (i) and (ii), we have

3x + 5y + (5x — 3y)i = -6 + 24i

3x+5y=-6 and 5x -3y =24
or 3x+5y+6=0and5x-3y-24=0

x y 1

= = =
-120+18 30+72 -9-25
o X -y _ 1
-102 102 -34
-34 —34
x=3,y=-3

.. .. (04 S 0.4 o
(ii) 1 + coso. + isinct = 2COSZE + zZsmEcosg

2cos o (cos o +isin oc}
= — — 1 —
2 (oS TSy

= r(cosO + i sin0),
o
where r = 2cosg, 0=—.
2 2
. o o, o
Since - < B} <m,so > is the principal argument

of given complex number and 2cos% is the
modulus.



